LEFSCHETZ TYPE FORMULAS FOR DG-CATEGORIES 
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Abstract. We prove an analog of the holomorphic Lefschetz formula for endofunctors of smooth com- 
- - - pact dg-categories. We deduce from it a generalization of the Lefschetz formula of V. Lunts [17] that 

<n: takes the form of a reciprocity law for a pair of commuting endofunctors. As an application, we prove a 

■ version of Lefschetz formula proposed by Frenkel and Ngo in [11]. Also, we compute explicitly the ingre- 
' dients of the holomorphic Lefschetz formula for the dg-category of matrix factorizations of an isolated 

(N- singularity. 

o 

■ The derived categories of coherent sheaves and their dg-enhancements have been crucial in some recent 
I developments in algebraic geometry. Among these is the new point of view on the circle of ideas related 

to Chern characters and Hirzebruch-Riemann-Roch theorem, started in the work of Markarian [18] and 
continued in [19], [5], [6], [25], [27], [22]. Namely, as shown by Shklyarov in [27], one can formulate and 

■ prove a version of the HRR formula for any smooth and proper dg-category C, where the cohomology of the 
I variety is replaced by the Hochschild homology HH^,{C). The difficulty of applying Shklyarov's formula 

is usually in the explicit calculation of the Chern character with values in _ff_ff*(C) and of the canonical 
I pairing on HH^, (C). For example, for derived categories of coherent sheaves on smooth projective varieties 

■ this was done in [5] and [25] . The case of the category of matrix factorizations associated with an isolated 
hypersurface singularity was treated in [22]. On the other hand, Lunts proved in [17] a version of the 
topological Lefschetz trace formula for endofunctors of dg-categories that reduces to the standard one in 

1^ _ the case of the derived category of coherent sheaves. In the present paper we will consider a dg-version 

^ ■ of the holomorphic Lefschetz formula (in its algebraic version) and will calculate its ingredients explicitly 

QQ I for the category of matrix factorizations of an isolated hypersurface singularity. 

CNJ ■ Recall that the classical Lefschetz fixed point formula equates the number of fixed points of an en- 

I domorphism / : M -> Af of a compact oriented manifold with the supertrace of the action of / on 

the cohomology of M (assuming the intersection of the graph of / with the diagonal is transversal). 
In the case when M is a compact complex manifold and / is holomorphic, the holomorphic Lefschetz 
formula computes the supertrace of the action of / on H* (M, V), where ^ is a holomorphic vector bundle 
equipped with a map f*V V (see [1, Thm. 2] and [31]). There are also purely algebraic versions of 
this theorem (see [9], [3], [21], [13, II.6]). 

In the abstract dg-context the role of the pair (M, /) is played by a pair {C,F), where C is a dg- 
. category over a field k and F is an endofunctor of Per(C), the perfect derived category of C (see [15]). 

^ ■ The cohomology of M is replaced in this context by the Hochschild homology of C. The classical situation 

^ ■ is recovered when C is a dg-version of the bounded derived category D^{M) of coherent sheaves on a 

smooth projective variety M over C, and F is the pull-back functor with respect to an endomorphism 
of M . Note that in this case, by the Kostant-Hochschild-Rosenberg theorem, the Hochschild homology 
HH^,{C) is isomorphic to the usual cohomology H*{M,C). The assumption of M being smooth and 
compact has a well-known analog for dg-categories. In addition we assume the existence of a generator 
and consider only endofunctors induced by a kernel in Per(C°^ (8> C) (i.e., is a tensor functor in the 
terminology of [15]). 

To extend the setup of the holomorphic Lefschetz formula to an arbitrary dg-category we interpret 
H*{M,V) as F,xt*{OM,V) and note that {Om,V) can be replaced by any pair of finite complexes of 
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holomorphic vector bundles (interacting with / appropriately). Thus, our abstract formula requires as 
an input a pair of objects A,B£ Per(C) equipped with morphisms a : A — >■ F{A) and (3 : F{B) B. 
There is an induced endomorphism 

{F, a, /3), : Hom(A, B) — ^ Hom(F(A), -> Hom(A, B), (0.1) 

where the second arrow is given by pre-composing with a and post-composing with j3, and our formula 
reads as 

str((F,a,^)„Hom(AS)) = (r#(a), r|(^))f,G, 

where G : Per(C) Per(C) is the right adjoint functor to F, /3 : B -> G{B) is induced by /3, 

T# :Hom(A,F(A)) ^Trc(F) 

is a certain generalized boundary bulk map taking values in a graded vector space Trc (F) associated with 
F, and (?,?)f.g is a canonical perfect pairing between Trc(F) and Trc(G') that we will define. More 
precisely, here Tr^ is the functor on C — C-bimodules given by tensor multiplication with the diagonal 
bimodule, so Trc(F) is just the Hochschild homology with values in the bimodule corresponding to F. In 
the case when F = Idc the space Trc(F) becomes HH^,{C) and the formula (0.2) is exactly the generalized 
abstract Hirzebruch-Riemann-Roch Theorem [22, Thm. 3.1] (a similar property is called "Baggy Cardy 
Condition" in [6]). 

The data consisting of the spaces Trc (F) and Trc (G) and the pairing between them should be thought 
of as an abstract replacement of the derived intersection of the graph of an endomorphism f : M ^ M 
with the diagonal. In the geometric situation (assuming that the intersection is transversal) the spaces 
Trc(F) and Trc(G) have bases numbered by the fixed points of /, and the pairing (?,?)f.g is diagonal 
with respect to these bases. It is not clear whether one can formulate an analog of transversality in the 
abstract situation. 

The dg- version of the topological Lcfschctz formula, recently established by Lunts [17], has as an input 
a pair (C, F) as above and states the equality 

stT{F^,HH^{C)) = sdimTrc(F) (0.3) 

in the ground field k, where F^ is the map on Hochschild homology induced by F and in the right-hand 
side we use the superdimension of a graded vector space defined by sdim(F) = dim{V^'") — dim(y°'*'^). 

Using formula (0.2) we establish a certain generalization of (0.3) that we call Lefschetz reciprocity. 
Namely, assume that we are given a pair of tensor endofunctors of Per(C), F and 4*, together with a 
morphism 

/:Fo^'^*oF. 

Let G be the right adjoint to F. Then / induces a morphism ijj: ^oG^Go^. Also, we have the 

induced map 

(F, /), : Trc(l') ^ Trc(G o F o *) i^-^ Trc(G o * o F) — ^ Trc(F o G o *) ^ Trc(*), 

where the third arrow uses the key property that one can switch the order of composition under Tr (see 
(1.10)). Similarly, we have the map (^, V')* : Tr(G) Tr(G). We prove the following reciprocity relation: 

str((F,/)„TV(*)) =str((*,V)*,Tr(G)). (0.4) 

The idea of the proof is to apply (0.2) to a certain endofunctor of Per{C°P C) induced by F. Note that 
(0.3) is a particular case of (0.4): one should take v]/ to be the identity functor. 

In the case when F is an autoequivalence, we deduce from (0.4) a Lefschetz type formula for the 
action of an autoequivalence F of Per(C) on the Hochschild cohomology of C. Namely, we show that its 
supertrace is equal to the supertrace of the automorphism of the space Tr(F) induced by the inverse 
Serre functor (see Section 3.3). 
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There arc two important classes of examples in which the abstract formulas (0.2) and (0.4) can be 
made explicit: the categories of coherent sheaves on smooth projective varieties and the categories of 
matrix factorizations of a potential with an isolated singularity. Note that in [17] the formula (0.3) is 
rewritten in explicit terms for the case of coherent sheaves (see also [7]), while in [22] the case F = Idc 
of the formula (0.2) is made explicit for matrix factorizations. In Section 3.4 wc extend this calculation 
to the case of an autoequivalence F induced by a diagonal linear map preserving the potential. In the 
simplest case when the origin is an isolated fixed point of this map we get the following result. 

Theorem 0.1. Lett= {ti,... ,tn) G (A:*)" he a diagonal symmetry of an isolated singularity w{x-i, .. . ,a;„) G 
k[[xi,... ,Xn\], suchthatti^l for alii (i.e., the origin is an isolated fixed point of t). Then for any pair 
of matrix factorizations of w, A and B, equipped with closed morphisms a : t*A and /3 : t*B — >■ B, 
one has 

n 

str((r , a, /3)„ Hom(A, B)) = str(a|o, A\o) ■ str(/3|o, B|o) ■ - ti)-K 

Finally, we apply the formula (0.4) in the context of the derived category of coherent sheaves on a 
smooth projective variety to prove a version of holomorphic Lefschetz formula conjectured by Frenkel 
and Ngo in [11, Conj. 6.2] (sec Theorem 3.6). Presumably a similar proof should work in a more general 

setting of derived stacks, as envisioned in [11]. 

Convention. In various maps involving tensor products the Koszul sign rule is tacitly assumed. We work 
over a fixed ground field k. Whenever wc talk about varieties over k we assume that k is algebraically 
closed. For a morphism of schemes / we denote by /* and /* the corresponding derived functors. 

1. Kernels and traces 

1.1. Kernels, duals and tensor products. Wc refer to [14], [15], [29] and [30] for results about dg- 
modules over dg-categories. For a dg-category C we denote by Per(C) the derived category of perfect 
C°P-modules, and by Perdg(C) its dg- version, so that Per(C) is the homotopy category of VevdgiC). For 
M,N e Pcr(C) we denote by IIom(M, N) = Homcop (M, TV) the morphism spaces in Pcr(C). Note that 
these are given by the cohomology of the complexes Homc<.p_mod(-^, N). In this paper we consider only 
dg-categories C such that Perdg{C) is saturated, i.e., smooth, compact and has a generator. This implies 
that the spaces IIom(Af, N) arc finite-dimensional. 

Every dg- functor F : PeTdg{C) — >■ Perdg(2?) (up to an appropriate equivalence) can be given by a kernel 
K e PeiiCP (^V), so that 

F = Tk : M ^ M ®cK. 

This correspondence can be formulated as a certain quasi-cquivalcnce of dg-categories (see [30, Sec. 2.2], 
[15, Thm. 4.6]). In this paper, whenever we talk about a functor F : Per(C) Pcr(2?), we implicitly 
assume that it is given on a dg-level, and hence is induced by a kernel. Sometimes, we denote the 
corresponding kernel in Per(C°P V) also by F. We denote by Ac € Per(C''*' (g) C) the diagonal kernel 
representing the identity functor on Per(C). 

The composition of dg-functors Fi o F2, where F2 is given by a kernel K2 G Pcy{C°p (E) V) and Fi is 
given by a kerne 1 Ki e Fcr(V°'P (gj £). corresponds to the kernel K2 Ki G Pev{C°P (g) £). Sometimes, 
when Ki are implicit, we denote this kernel simply by i^i o F2. 

Recall that we have a natural duality 

PeT{CyP — ^ Per(C°f) : M ^ M^, (1.1) 

where M^(C) = Homcop -mod (Af, /ic) (morphisms in the dg-category of C°''-modulcs). Here he is the 
reprcscntabic C'^-modulc associated with C G C. For M G PeVdg{C) and N G Peidg{C°P) we have a 
natural quasi-isoniorphism 

M ®^ AT^ ^ Homcop_mod(iV, M) (1.2) 
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(see [14, 6.2]). Also, wc have a natural quasi-isomorphism M — > (M'^)^ . 
For kernels Ki € Per(C°^ (g) Vi) and K2 € Fer{C°P (g) D2) wc set 

KinK2 - (Ki (55 K2) o (723 e Per(C°^' (g (g) 2?i (g) I^a), 

where (T23 is the permutation. We denote the corresponding functor by 

F1DF2 : Per(Ci (gCa) ^ Per(I?i (g ©2), 

where Fi and F2 are functors associated with Ki and K2. 

1.2. Adjoint kernels. Let 

F = Tk: Per(C) -S- Per(D) : M h^- M (gc -f^ 

be the functor associated with a kernel K E Per(C°^ g) T>). We associate with K two other kernels. First, 
we define € Per{'D°P (gC), the right dual kernel to K, by 

K^{D, C^) = Homp.p„^od(i^(C, ?), ho), 

where is the representable right I?- module associated with D. The corresponding functor 

G = Tkt : Per(2?) ^ Pcr(C) 

is right adjoint to F (see [14, Sec. 6.2] and [22, Sec. 1.2]). Furthemore, the adjunction morphisms are 
induced by the canonical morphisms of kernels in Per(X>°^' (g V) and Per(C°P (g C): 

K'^^^K^Av and (1.3) 

Ac^Kig^K^ (1.4) 

(in fact, the first morphism has a natural realization in PeTdgi'D"^ (g T>), see [22, (1.14)]). In terms of the 
duality (1.1) we can rewrite the definition of K'^ as follows: 

We also set 

K' :=KoaePeT{V^C''P), 
where a is the permutation of factors, and denote by F' : Per(!D°^') — > Pev{C°P) the corresponding functor. 

Lemma 1.1. The pair {G',F') is also adjoint. More precisely, there is a natural quasi-isomorphism of 
kernels K' (K^)'^ . 

Proof. The functor G' is given by the kernel {K'^)' = o a € Per(C (g V^) satisfying 

(i^^)'(C^,?) =if(C7,?)^. 
Hence, the right adjoint to G' is given by the kernel (if^)'^ e Per(I' (g C°p). We have 

{K^y^{?,c) = {K^)'{c^,iY = K{c,'!y'' 

and there is a natural quasi-isomorphism K'{1, C) = K{G, ?) — >■ K{C, ?)^^. □ 

Lemma 1.2. (i) For M G Per(X') and N € Per(C) one has a natural isomorphism 

Homx.op (M,i^(iV)) ~Homc(/^^,i^'(M^)). 
(a) For N e Per(C) there is a natural isomorphism 

G'(7V^) ~ F{Ny (1.5) 



in Per(D°^'), so that the following diagram of isomorphisms is commutative 

Rom-pop {M,F{N)) — - Honic(-/V^,F'(M^)) 
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(1.6) 



Homi,(F(iV)'',M^) Homx,(G'(A^^),M^) 

for M G Per(X') and N G Per(C). In this diagram the upper horizontal arrow is an isomorphism of part 

(i) , the lower horizontal arrow is induced by (1.5), and 7 is the adjunction isomorphism of Lemma 1.1. 

Proof, (i) By (1.2), we have 

Hom(M, F{N)) ~ F{N) 0^ ~ TV 0^ . 
Reversing the order of factors we can rewrite this as 

(g)|,o^ K' ^^op N ~ F'(M^) ®^op N ~ Hom(7V^, F'(M^)). 

(ii) First, taking cofibrant rcsokitions for K' and {K'^)', we can reahze the map 7 (with replaced by 
any I?-modulc L) on the chain level as the following composition: 

Bom{N'',L ®x)°p K') Hom(7V'' ®c°p (K'^Y, L ^vp K' (^c-p {K'^)') ^• 

Hom(7V'' (8)Cop {K^)',L), (1.7) 

where the second arrow is induced by the map 

K' ^cov {K'^y {K'^y'^ ®cop {K'^y a^op 

in Perdg(X) (g) 'D°p). Composing (1.7) with a quasi-isomorphism of the form ? ^ — >■ Hom(A''^,?) 
obtained from (1.2), we get a quasi-isomorphism 

L i^vp K' i^cp N Hom(iV^ i^c^p {K'^Y , L). 

Note that K' i^cp N ^ N ®c I^- Thus, for L = Hdv , where G T>°p, this gives a quasi-isomorphism 
of dg-modules 

(TV ®c K)iD^) ^ (A^^ ®e^p (i^^)')^(D^), 
hence we get a quasi-isomorphism F{N) — > G'{N'^Y , from which (1.5) is obtained by duality. 

Now using the isomorphisms (1.2) we can replace (1.6) with the following diagram in which we replaced 
by L and inserted an additional diagonal arrow: 



(1.8) 



L ®T>op {N ®cK) — ^ L (^-Dop G'(iV^)^ 
It remains to observe that in this diagram the upper left triangle is commutative for trivial reasons, and 
the lower right triangle is commutative by the above construction of the map F{N) — > G'{N^)'^ . □ 

Let us consider the external tensor product K'UK^ g Per(D(8)X>°P(8)C°^(8)C). Then we have a natural 
isomorphism 

(K'aK^) (S)^op^c ^cp — ^ {K'^ ®cK)o(t 
in Per(2?°J' ® V) (cf. [22, (1.8)]). Combining it with the permutation of (1.3) we get a map of kernels 

{K'uK'^) ®^op^c ^c-p Ax.op (1.9) 
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in Pcr(2? ® V°p). Note also that the functor F'DG : Pcr(r°P eg V) Per(C°P (g) C) given by the kernel 
K'DK'^, viewed as an operation on functors, acts by $ h-> G o $ o i^". In particular, {F'nG){Ax>) is the 
kernel giving G o F. 

1.3. Connection with traces. Recall that we have the natural trace functors 

Trc : Fev{C°P ® C) ^ Pcr(/c) 

given by the tensor product on the right with the diagonal C"^ C-module Acop (see [29, Sec. 5.2.3] and 
[22, Sec. 1.1]). In other words, Tr^ is the functor of Hochschild homology with coefficients in a bimodule. 
By abuse of notation, for a tensor endofunctor F : Per(C) Per(C) given by a kernel K G Per(C°^ (g C) 
we will write Trc{F) instead of Tvci^)- Recall that for any tensor functors Fi : Per(C) — > Per('D) and 
F2 : Per(I?) — > Per(C) we have a canonical isomorphism 

Tr2,(Fi o F2) ~ Trc(F2 o Fi) (1.10) 

(see [22, Lem. 1.1.3]). 

Returning to the situation of Section 1.2 we observe that the map of kernels (1.9) induces a natural 
transformation 

t{F,G) : Tic o{F'aG) ^Tr-D. (1-11) 

By Lemma 1.1, the above construction is also applicable to the adjoint pair of functors (G', F'), so it 
gives a map 

t{G',F') : Trcop o(GnF') ^ Trx)op . 
It is easy to see that the following diagram of functors Per(I> (g) 7)°^) Per(fc) is commutative 

Trc o(F'nG) o a-D ° Trp oov 



(1.12) 



Trcop o{GUF') ^^^''^'^ > Trp, 



where g-d '■ Per(2? ® 2?°p) — > Pcr(P°^' (g) V) is the permutation equivalence, the isomorphism in the left 
column is induced by the isomorphism 

(F'DG) o 0-2, ~ CTc o {GDF') 

and by the isomorphism Trc °fc — Trc-p . 
Note that we have a natural isomorphism 

{F'nG)iATy) ~ Av ®i?op^p {K'nK^) K ■ 

Hence, the canonical adjunction map (1.4) can be viewed as a map 

7F,G : Ac ^ {F'UG){A-d). (1.13) 

Using isomorphism of Lemma 1.2(i) for the map 

7G',F' : Acop -> {GUF'){A-Dap) 

we obtain a canonical morphism 

A^op ^ (G'nF)(A^„p). (1.14) 
Note also that for M e Per(C°^' (g C) we have a canonical isomorphism 

Hom(A^op, M) ~ M ®^.^^c ^C°p = Trc(M). (1.15) 



Lemma 1.3. (i) For $ G Per(I>°^' <S> T)) the natural transformation 

t{F,G){^) : Trc((F'nG)($)) ^ Tr^,($) 

is given by the composition 

Trc((F'nG)($)) ~ Trc(G o $ o F) ~ Tri,(F o G o $) ^. Tr($), 

where the second isomorphism uses (1.10). 

(a) Via the identification (1.15), t{F,G){^) can be identified with the composition 

Hom(A^op,(F'aG)($)) — Hom((G'nF)(A^„p), $) Hom(A^„p, $), (1.16) 

where the first arrow is given by adjunction of the pair ((G'nF), (F'nG)), while the second is induced by 
(1.14). 

Proof, (i) Consider the object 

L = KM^MK^ e Per(C°P ® V ® V°p (g) V (g) V°p ® C). 

We have 

TrciG o $ o F) = Tve{K $ 0p K^) = Trc((Ai K A|5) 0^(4, L), (1.17) 

where P^*) = Vp ®T>^ T>°p ® V. On the other hand, 

Tr2,(F o G o $) = Tr2,(A^^ (8>cop®27 L A^t). (1.18) 

Now the isomorphism between (1.18) and (1.17) is obtained by identifying both with 

(A|f M A^) (8)x>(4) i <8)cop0C A^op. 

The map Trx)(F o G o ((>) — > Trp($) is induced by the adjunction morphism F oG ^ Ap, i.e., in terms 
of the above isomorphism by the map 

— >• ($ K Ax)) o 0'432i 

induced by (1.3), where CT4321 is the cychc permutation of factors in the tensor product. Now the required 
compatibihty follows from the commutativity of the diagram 

^ ®T>op®T: {K'uK^ ) ®c°p^c Acop ^ $ 



(A|,^ M A|,5) 0^(4) L (8)cop0c A^!p — (A|,^ K A^^) (8)-p(4) [($ Kl Ax,) o (T4321] 
in which both horizontal arrows arc induced by (1.3). 

(ii) Applying the commutative diagram of Lemma 1.2(ii) to the adjoint pair ((G'DF), (F'DG)) and the 
pair of objects (A^op, Ax>op) we obtain that the dual map to (1.14), 

(FnG')(Acop) ^ {{G'oF){Ala,)y Apop 
corresponds by adjointness to ^g',f'- Hence, this map is given by the natural morphism 

(FnG')(Acop) ~ {K'uk'^) ®coPtsc ^c°p ^ Apop 

(see (1.9)). Now rewriting the composition (1.16) using the isomorphisms of the form (1.2) we obtain the 
result. □ 
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2. Generalized functoriality for Hochschild homology with coefficients 

2.1. Generalized functoriality. Let {Ci,Fi) and {C2,F2) be a pair of dg-categories equipped with 
endofunctors Fi oi Per(ig{Ci). 

Definition, (i) A dg-functor 

^) : {PeidgiCi), Fi) ^ {Perdg{C2), F^) (2.1) 
consists of a dg-functor $ : Perdg(Ci) — > PeTdg{C2) together with a (closed) morphism of dg- functors 

(j) : ^ o Fi ^ F2 o ^. 
(11) If (C3, F3) Is another dg-category with an endofunctor of Perdg(C3) and 

($',</.') : (Perdg(C2),F2) ^ (Perdg(C3), ^^3) 
is a dg-functor, then we have an induced morphism 

0' o (/) : o $ o i^i — > o F2 o $ — > F3 o o $ 
and we define the composition of these dg-functors by 

($',(/)')o ($,(/.) = ($'o$,</,'o<^) : (Perdg(Ci),J?i) ^ (Perdg(C3), ^^3). 

Given a dg-functor (2.1) we define the Induced morphism 

($,</.). :Trc,(i^i)^Trc,(F2) (2.2) 

as the composition 

Tr(i^i) ^ Tr(* o $ o Fi) Tr($ o Fi o *) Tr(F2 o $ o *) ^- Tr(F2), 

where ^ is the right adjoint functor to 

The above construction is compatible with compositions. 

Lemma 2.1. In the situation of Definition (2.1) (ii) one has 

($'o$,,^'o</,), = ($',,^')*° 

in Homfc(Trci(Fi),Trc3(F3)). 
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Proof. This follows from the commutativity of the diagram (where we omitted the o symbols) 




Tr($'$Fi**') 



Tr(F2) 



Tr(F3$'*') 



Tr(F3) 

Namely, ($' o $, 0' o c/i)^ is equal to the composition of the arrows going from Tr(_Fi) to Tr(_f3) along the 
left edge of the diagram, while 0')* o ($, 0)^ is the composition of the arrows along the right edge of 
the diagram. □ 



Remark. In the case when Fi and F2 are the identity functors and 4) = id, the associated map (2.2) 
is the functoriality map : ifi?*(Ci) i?i?*(C2) defined in [22, Sec. 1.2]. The equivalence of this 
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definition of witli the standard definition of the functoriahty using Hochschild complexes is checked 
in [24, Appendix]. 



2.2. Generalized boundary-bulk map. Given a tensor functor F : Per(C) — > Per(C) (given by a kernel 
K e Per(C°^ (8) C)) and an object A G Per(C), we can construct a natural map 

:-Rom{A,F{A)) ^TrciF) 

which in the case F = ld becomes the boundary-bulk map defined in [22, Prop. 1.2.4]. Namely, this map 
is defined by applying the functor Trc to the natural morphism 

(4:A^m F{A) F (2.3) 

in D{C°P ^ C) (see [22, Eq. (1.25)]). It is useful to note that the map Cp is obtained by applying Idc OF 
to the morphism 

cti-.A^'MA^Ac, (2.4) 

or equivalently, by composing the corresponding functors with F on the left, (see the proof of Lemma 
1.2.5(ii) in [22]). 

Note that we can view an object A as a dg- functor la ■ Pevdg{k) — > Perdg(C) sending k to A. Then a 
map a : A^ is the same as a morphism of dg-functors a : la F o la- Thus, we have a dg-functor 

{iA,a) : (Perdg(fc),Id) ^ (Perdg(C),F) 

and the construction of 2.1 gives an induced map 

(tA,a)* : fc-^Trc(F). 

Lemma 2.2. One has 

T#(a) = (M,a)*(l). 

Proof. The right quasi-adjoint functor to $ — t^i is given by the kernel A'^ , viewed as a C — fc-bimodule, 
so 4* o $ corresponds to the vector space Hom(A, A) while $ o vE* corresponds to the kernel M A. Thus, 
by definition, {la, a)* is the following composition 

k Hom(A, A) — ^ Trc($ o-^)^ Trc(F o $ o ^f) ^ Trc(F). 

Note that the last two arrows are obtained by applying Trc to the morphisms 

A'^MA^ A^'MFiA) and 

M F{A) ~ F o (yl^ K A) ^ F o Ac. 
Now the asserted equality follows from the fact the last composition is equal to (2.3). □ 

Recall that we have an isomorphism 

Hom(A, F{A)) ~ Hom(yl^, F'(A^)), (2.5) 
where F' is given by the kernel K' = K o a (see Lemma 1.2(i)). 

Lemma 2.3. Let a' : — >■ F'{A^) he a morphism associated with a morphism a : A — >■ F{A) under 
(2.5). Then 

r^{a)=rf{a') 

inTvc{F)~Tvco,{F'). 
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Proof. The isomorphism (2.5) can be obtained from the isomorphisms 

Hom(yl, F{A)) ~ Trc((Idcop UF){A"^ M A)) ~ Tr(F o X) and 

Hom(A^,i^'(^^)) :^ Trcop((Idc aF'){A m A^)) ~ Trc((F'n 1&cop){A' K A)) ~ Tr(X o F), 

where X = A"^ M A, together with an isomorphism Ti{X o i^) ~ Tr{F o X). Thus, it remains to check 
that the maps F o X ^ F and X o F ^ F induced by the canonical morphism X — >• Ac , give rise to the 
same maps after applying Tr. This boils down to the fact that the isomorphism 

Tr(F) ~ Tr(A o F) Tr(F o A) ~ Tr(F) 

is equal to the identity. □ 

As in the case of the generalized HRR-theorem of [22, Lem. 1.3.2], the fixed point formula will be 
deduced from the following compatibility of the boundary-bulk maps with dg-functors. 

Lemma 2.4. Let (Ci,Fi) and (C2,-F2) be a pair of dg- categories equipped with endofunctors. Suppose we 
have a dg-functor ($,<^) : (Perdg(Ci), Fi) — >■ {Pevdg{C2), F2). For an object A G Per(Ci) let us consider 
the composed map 

{^,<f>)t ■■ llom{A,FiA) Hom($(yl),$(Fivl)) -).Hom($(A),F2$(yl)), 

where the second arrow is induced by (p. Then the following diagram is commutative 

Rom{A,FiA) l£l^ Hom($(A), F2$(A)) 



Tr(^^i) . Tr(i^2) 

where the bottom horizontal arrow is the map (2.2). 

Proof. The idea is to use the compatibility of the generalized functoriality with compositions (see Lemma 
2.1). Namely, as we have seen above, an element a G B.om{A, FiA) gives rise to a dg-functor 

{iA,a) : (Perdg(fc),Id) ^ (Perrfg(Ci), i^i) 

such that 

Tpii'^) = (m,Q:)*(1) 

(see Lemma 2.2). Let a' = ($, (j!));f (a). It follows directly from the definitions that the dg-functor 

(i<E.(A),a')(Perds(fc),Id) ^ (Perdg(C2), ^2) 
is isomorphic to the composition ($, 0) o {la, a). Hence, by Lemma 2.1, we obtain 

(i3.(A),a')*(l) = (4', '/>)*(tA, «)*(!) = 
It remains to apply Lemma 2.2 to see that the left-hand side is equal to Tp^^\a'). □ 
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2.3. Canonical pairings. We can also use the functoriality to define a canonical pairing 

{■,-)F,G--TT{F)^Tr{G)^k, (2.6) 

where F : Pcr(C) — > Pcr(C) is given by a kernel K, and G : Per(C) Per(C) is the right adjoint functor to 
F associated with the kernel K'^ (see Sec. 1). Recall that F' : Per(C°P) -> Per(C°P) denotes the functor 
associated with the kernel K' = K o a & Per(C <S> C"^). We can apply the functoriality to the functor 

t4'' : FevdgiCP ® C) ^ Pevdg{k), 

the identity endofunctor of PeTdg{k), and the endofunctor F'uG of 'Pev4g{C''^ ®C). Note that we have a 
morphism 

t{F, G) : °{F'dG) 
(this is (1.11) in the case V ~ C). Thus, we can extend Tr^^ to a dg-functor 

(T^;!^^(F,G)) : (Per dg (0°^ ® C), F'OG) ^ (Perdg(fc), Id). (2.7) 
Hence, by the construction of Section 2.1, we obtain a map 

(Tr^^^(F,G)), : Tic^P^eiF'aG) ^ Trfe(Afc) = k. 

Using the isomorphisms 

Trcop^eiF'aG) ~ Trcop{F') ® Trc(C?) 

and Trcop(-F') ~ Trc(F) we obtain the pairing (2.6). 

Applying the above construction to the quasi-adjoint pair (G' ,F') (see Lemma 1.1) we similarly get a 
pairing 

(■,-)g',f' :Tr(G')OTr(F')^fc. 
Lemma 2.5. For x e Tr(F) ~ Tr(F') and y e Tr(G) ~ Tr(G') one has 

{y,x)G',F' = ±{x,y)F,G, 

where the sign is given by the Koszul rule. 

Proof. This follows easily from the commutativity of the diagram (1.12). □ 

Recall that we have a canonical map 

7F,G : Ac ^ (F'nG)(Ac) 

(see (1.13)) 

Lemma 2.6. (i) The element 

TF,G := 4fhG{lF,G) e Tr(i^') ® TV(G) 

satisfies 

{{■,-)g',f' ®iA)(x®tf,g) = x, (2.8) 

for any x e Tr(G") ~ Tr(G'). 

(a) The pairing (2.6) is perfect, andrp^G G Tr(F') ® Tr(G') ~ Tr(i^) (g)Tr(G) is the corresponding Casimir 
element. 

Proof (i) By Lemma 2.2, we can view T^/nG(7-F,G) &s the generalized functoriality map associated with 
the dg-functor 

{5,jf,g) ■■ {PeTdg{k),U) ^ {Peidg{C°P'»C),F'nG) 
where S : PeTdg{k) PeidgiC"^ <?> C) sends fc to A^. It is easy to see that the composition 

Per,,(C) Per,,(C ® ® C) IlS!^^^ Per,,(C) (2.9) 
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is isomorphic to the identity. Indeed, for any kernel K e Perrfg(C°^' C) and M G Perrfg(C) we have 

(Trcop □ Idc)(M IE Jf) ~ M (8)c K. 

Thus, for K = Ac we get 

(Trcop □ Idc)(M IE Ac) M <Sic Ac ^ M. 

Next, wc observe that both arrows in (2.9) extend to dg-functors between dg-categories with endo- 
functors. Namely, we have dg-functors 

(Idc as, id Dtf.g) : (Perdg(C), G) ^ {PevdgiC O C°p ® C), GOF'aG) 

and 

(Tr^!?, □ Idc, t(G', F')a id) : (Perdg(C CP C), GDF'OG) ^ iPeTdgiC),G) 
(where we use (2.7) for the pair {G',F')). We claim that the composition of these dg-functors is 

{TtX ° Idc, t{G', F')n id) o (Idc □<5, id U^f^g) - (Idc, id). (2.10) 
For this we have to check that the composition 

G(M) ~ (Trcop □ Idc)(G(M) H Ac) il^I^iS- (Trc-P □ Idc) ° {GUF'UG){M M Ac) 
t(G',F'w,d ^^^^^^ uG){M Kl Ac) ~ G o (Trcop □ Id)(M M Ac) ~ G(M) 
is the identity. The corresponding composition of maps between the kernels can be rewritten as 
j^T ^ rpr23(^j^T ^ ^ Tr^^(/r'^ K [K ^c K'^)) ^ Tr23(Jr'^ K JT) Oc ii"^ ^ Ac ®c -ft^^ ^ , 

where Tr^"^ is the functor Trc^p applied in the 2nd and 3rd factors of the tensor product. But the latter 
composition can be identified with the composition of two adjunction maps G^GoFoG^G, which 
is equal to the identity. 

(ii) The relation (2.8) shows that the left kernel of (■, ■)g',f' is trivial. On the other hand, applying (i) 
to the pair {G',F') we obtain 

((•, ■)f,g ® id)(y (g) TG',F') = y 

for any y G Tr(F) 2± Tr(F'). Hence, the left kernel of (•, •)f,g is trivial. It remains to apply Lemma 
2.5. ' □ 

Remarks. 1. The above proof also shows that the tensor tg',f' is obtained from tf,g by the permutation 
of factors in the tensor product. This can be also seen directly from the definition. 

2. In the case F = G = Idc both Tr(F) and Tr(G) arc identified with the Hochschild homology HH^{C). 
Then the above canonical pairing gets identified with the pairing defined in [27] (see also [22, Sec. 1.2]) 
using the canonical isomorphism 

HH,{C°P) HH,{C) (2.11) 

(see [22, Sec. 1.1], [27, Prop. 4.6]). Note that in the case when C is the dg-endomorphism algebra of 
a generator E of the derived category of coherent sheaves on a smooth projective variety X, and one 
uses E'^ to construct a Morita equivalence of with the same category, the resulting isomorphisms 
i : HH^X) ~ HH^iC) and j : HH^X) HH^Cp) are not compatible with (2.11). As a result, the 
form {i{a) , j {b)) on HH^,{X) denoted by (•, ■)shk in [26] has somewhat different properties than (•, •). For 
example, as the proof of [26, Thm. 1] shows, this pairing is (super-) symmetric, whereas (•,•) is usually 
not. On the other hand, it seems very plausible that one can use Proposition 2.7 below to identify (•, •) 
with the Mukai pairing on HHt,{X) (see [6]). 
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2.4. Punctoriality via inverse Serre functor. The inverse dualizing complex of C is the object 

A^o^ e Per(C°f (8) C) 

It is well known that this kernel induces the inverse of the Serre functor on Per(C) (cf. [12] or [28]). 
Recall that for any kernel K € Per(C°P (g) C) we have a natural isomorphism 

}lom{A^op,K) ^TiciK) (2.12) 

(see (1.15)). We want to rewrite the definition of the functoriality map (2.1) in terms of this isomorphism. 
Thus, we assume that we have a dg-functor 

($,<^) : {PeTdg{Ci),Fi) ^ (Perdg(C2),F2), 

where (/) : ^ o Fi — >■ o ^ (see Section 2.1). First, recall that there is a canonical morphism 

A'^op (^''□$)(A^op) ~ $ o A'^op o * (2.13) 

(see (1.14)). Note also that the map ^ gives rise to a map 

^: ('J''n$)(Fi) = $oFi o^r H. ^2 (2.14) 

given as the composition 

$ o Fi o $ F2 o $ o ^ — > F2. 

Now using isomorphism (2.12) we can give an alternative map Trci (Fi) — > Trca (^2) as the composition 

Hom(A^op,Fi) ^ Hom((*'n$)(A^op), (*'n$)(i^i)) Hom(A^op, i^a), (2.15) 

where the last arrow is induced by (2.13) and by cj). 

Proposition 2.7. Under the isomorphism (2.12) the map (2.15) gets identified with the map (2.1). 
Proof. The map 

Hom(A^op, (^''□$)(Fi)) ^ Hom(A^op,F2) 
induced by (f> gets identified under the isomorphism (2.12) with the composition 

Trc, i^oFio^)^ Trc2 (F2 o $ o ^') ^ Trc^ (F2) 
appearing as part of the definition of (2.1). Hence, it is enough to prove the commutativity of the diagram 

Hom(A^op,Fi) — Hom((*'n$)(A^op),(*'n$)(Fi)) — ^ Hom(A^op, (*'□$) (Fi)) 

(2.16) 

Trci (Fi) ^ Trci (Fi o * o $) Trc,($ o Fi o *) 

Using the adjointness of the pair (^f'D^, ^'D^*) the first arrow in the top row can be identified with the 

map 

Hom(A^op,Fi) Hom(A^op, ($'*'a*$)(Fi)). 

Next, by Lemma 1.3(ii) the second arrow in the top row is equal to the following composition (where we 
denoted X = (*'n$)(Fi)): 

Hom((*'n$)(A^op),X) ^■Hom(A^op,($'D*)(X)) *^'^''^^^^ > ^ Hom(A^op,X). 

Therefore, by Lemma 1.3(i), the composition of arrows in the top row of (2.16) can be identified with 

the composition 

Tr(Fi) Tr(($'4''n4'$)(Fi)) Tr(*$Fi*$) Tr($*$Fi*) ^ Tr($Fi4'). 



Note that the composition of the first two arrows is equal to the composition of the following two maps 
induced by adjunction: 

Tr(Fi) Tr(Fi o * o $) Tr(*$Fi^'<l'). 
Hence, the commutativity of (2.16) follows from the commutativity of the outer trapezoid in the following 
diagram 

Tr(*$Fi^'$) — ► Tr($*$J^i*) 




Tr(i^i*$) >■ Tr($Fi^') ► Tr($i^i^') 

in which the vertical arrows are induced by adjunction and the horizontal arrows in the left square are 

isomorphisms of the form Tt{X o $) «- Tr($ o X). The commutativity of the triangle in this diagram 

follows from the fact that the composition $ — >• $ of the maps induced by adjunction is equal 
to the identity. □ 

In the situation when Fi and F2 are the identity functors we derive the following 
Corollary 2.8. Let $ : Perdg(Ci) — )■ PeTdg{C2) be a dg- functor. Then the induced map 

^,:HH,{Ci)^HH4C2) 
defined as in Section 2.1, is equal to the composition 

Hom(A^op, Aci) Hom($ o A^op o $ o ->■ Hom(A^op, AcJ, 
where the second arrow is induced by (2.13) and by the adjunction map ^ ^ Ac^ • 

Remark. One can deduce from the above corollary that our definition of functoriality maps on Hochschild 
homology is equivalent to the one given in [6] and [2, Appendix]. 

Recall that Hochschild cohomology of C is defined by 

HH*{C) = Homc^cof (Ac, Ac). 

Note that for any autoequivalence F : Per(C) — >■ Per(C) (given by a kernel) we we have a natural 
isomorphism 

HH*{C) — ^ Hom(i^,i^) 
sending a io F o a. Applying this to F = A^op we obtain an isomorphism 

HH*{C) ~ Hom(A^„p, A^op) ^ Trc(A^op). (2.17) 
Now if $ : Per(Ci) Per(C2) is an equivalence (given by a kernel) then there is an induced isomorphism 

: HH*{Ci) ^ HH*{C2). (2.18) 

We are going to show that this map appears as one of our functoriality maps. Since $ is an equivalence, 
we have a natural isomorphism 

^ : $ o A^op o — ^ A^op, 

and hence the induced isomorphism 

^ : $ o A^op — ^ A^op o $. (2.19) 

Corollary 2.9. The map (2.18) gets identified under the isomorphisms (2.17) with 

($,.^).:Trc,(A^op)^TVc,(A^op). 
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Proof. By Proposition 2.7, it is enough to prove the commutativity of the diagram 

a I— > $ o a o 

Hom(Aci,AcJ Hom(Ac,,AcJ 



Hom(A^op, A^op)-)- Hom($ o A^op o $ o A^op o ->-Hom(A^op, A^op) 

where the vertical arrows are isomorphisms (2.17) and the second arrow in the bottom row is induced by 
the isomorphism cj). Upon unravehng the definitions this becomes a tautology. □ 



3. Lefschetz type formulas 

3.1. Categorical version of holomorphic Lefschetz formula. Now let A and B be a pair of objects 
of Per(C) equipped with morphisms a : A ^ and /3 : F{B) — >• B. Let G be the right quasi-adjoint 

to F, and let F' be the functor associated with the kernel K' := K o a (see Section 1.2). 

Theorem 3.1. In this situation the formula (0.2) holds, where Tp (resp., Tq) is the generalized boundary 
bulk map of Section 2.2, and (•, •)f,g is the canonical pairing of Section 2.3. 

Proof. We would like to apply Lemma 2.4 to the dg-functor (2.7), extending Tr^^, from {VcrdgiC"'^ 
C),F'UG) to Pcrrf<,(fc),Id). 

By Lemma 1.2, the map a : A ^ F[A) in Per(C) induces a morphism a' : A^ ^ i^'(A^) in Per(C°^). 
Also, /3 : F{B) — )• B induces a map (5 : B ^ G{B). Hence, we obtain a morphism 

a' (g)/3 : A^ MB ^ {F'aG){A'^ S B). 

Note that 

Also, for a graded vector space V the map 

■■ Hom(y, V)^k 
is the usual supertrace. Hence, Lemma 2.4 gives an equality 

str(/) = (T#:(a'),r|(^))^,G, (3.1) 
where / = (Tr^^, t{F, G))f^'^{a' p) is the composition 

Hom(A, B) ~ Trc(A^ M B) '-^'''"^"''^^i Trc(F'(v4^) K G(B)) '-^^ Trc(A^ M B) ^ Hom(A, B). 

Since T^/(a') = Tp{a) by Lemma 2.3, the right-hand side of (3.1) coincides with the right-hand side of 
(0.2). It remains to check that / is equal to the endomorphism (i^, a,/3)« of Hom(A, 5) (see (0.1)). We 
can rewrite the definition of {F, a, /3)* as the following composition: 



Hom(^, B) ~ Trc(A^ M B) Trc(F(A)^ H F{B)) '^^'^"''^'^i Trc(A^ K B) ~ Hom(A, B), 

where s is induced by the isomorphism F{A)''^ ~ G'{A'^) (see (1.5)) and by a natural morphism of functors 

s{G,F) : Trc Trc o{G'aF). 
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This morphism of functors is constructed similarly to t{F. G) using the map of kernels (1.4). Now the 
required equality / = (F, a, /3)* follows from the commutativity of the diagram 



s{G,F) 



TTciF{Ay MF{B)) 



Tr(a' (g) 13) 



Tr(G'(a')OF(/3)) 



TrciF'{A'^)mG{B)) 



s{G,F) 



TreiG'F'{A'^)MFG{B)) 



TiciA^ ^B) 



where the vertical arrows in the lower square are induced by the isomorphism G'{A^) ~ F{Ay and by 
the adjunction morphisms G'F' — >■ Id and FG Id. Note that the commutativity of the lower square 
follows from Lemma 1.2(ii). □ 



Example. The classical setup is recovered if we take C to be a dg-enhancement of the derived category 
D^{M) of coherent sheaves on a smooth projective variety M and F = f* , where / : M — >^ M is an 

endomorphism. The category of kernels in this case can be identified with D^{M x M), so that the 
functor Tr : D^{M X M) ^ Per(A;) sends K to H*{M, A*{K)). In particular, the space 

Tf := Tr(/*) = Tr(/,) = 7J*(M, A*(0rj) 

corresponds to considering the derived intersection of the graph F f with the diagonal. In the case when 
the intersection is transversal we have 

f(x)=x 

If y is a vector bundle (or a complex of vector bundles) on M then applying (/ x idjv^)* to the natural 
map iy^ MV) ^ 0A and then restricting to the diagonal we get a map 

tJ : Hom(y, f^) = Hom(/*y, V) Tf 

which is exactly the map used in (0.2). For example, for V = Ox we get T^^(id) = 1 S Tf, the element 
obtained from the projection Ox ^ Otj ■ In the case of transversal fixed points we have 

T/(a)= tr(a,l/U)-4, 

/(x)=x 

where {5x) is the natural basis of Tf indexed by fixed points. Finally, we claim that in the case of 
transversal intersection the canonical form (•, •) on T/ is given by 

{^x,5x) = -r-TTj—r-F^ and {5x,5y)={) for xi=y, 
det(id-aa;/) 

where dxf : T^M — )• TxM is the tangent map to / at x. Indeed, the fact that the basis {5x) is orthogonal 
can be deduced from Lemma 2.6. To get the formula for {Sx,Sx), where f{x) = x, we observe that 
T^"' = Cx-^x for some Cx € A;, and apply the formula (0.2) to the pairs (Om, C'x) and to [Ox^ Ox)- In the 
former case we get 

1 = {l,CxSx) = Cx ■ {Sx,Sx), 

and in the latter case we get 

str(F„Ext*(0„0,)) = cl ■ {6x,6x). 
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Hence, 

= (4,4)-' = str(/,.Ext*(0„0,)). 

But Ext*{Oa;,Ox) is the exterior algebra of Ext^(Oa,, O^,) ~ T^M and the action of F on Ext^(0^, Oa,) 
is precisely the tangent map d^f- Since is compatible with the algebra structure, we obtain 

str(F»,Ext*(C'^,0^)) = det(id-d^/). 

Thus, our formula in this case becomes the classical holomorphic Lefschetz formula 

str(/,ir*(M,V^)) = ^ tr(/,l^|j,).det(id-4/)^i. 

f{x)=x 

Using the Lefschetz formula (0.2) we can give some criteria for non-vanishing of the space Trc(-F) 
(which is roughly analogous to the existence of a fixed point of an endomorphism) . 

Recall that an object A of a fc- linear triangulated category is called exceptional if Horn* (A, A) = 
for I 7^ and Hom°(yl, A) = k. An object A is called n-spherical if Horn* (A, A) = for i ^ 0, n and 
Hom°(A,A) =Hom"(A,A). 

Corollary 3.2. One has Tic{F) if one of the following conditions holds: 

(i) there exists an exceptional object A e Per(C) such that F{A) ~ A; 

(ii) there exists an n-spherical object A G Per(C), where n is even, such that F{A) ~ A, and in addition 
F^ ~ Id, where N is odd; 

(Hi) there exists an object A G Per(C) with Hova{A,A) ~ /\^(Hom"^(A, A)), such that F{A) ~ A and the 
endomorphism of Yiova} {A, A) satisfies det(id— F*) ^ 0. 

Proof. Wc apply (0.2) to A = _B, with a : A ^ F{^) some isomorphism and /3 = . We have to show 
that in all three cases we have str(Fa,, Hom(A, A)) ^ 0. 

In case (i) we have Hom(A, A) =k and the induced map on it is identity, so str(i^*, Hom(A, A)) = 1. 

In case (ii) acts as identity on Horn" (A, A) = k ■ id^ and as some A''th root of unity C on 
Hom"(A, A) ~ k. Since n is even, we obtain 

str(F,,Hom(A,A)) = 1 + C 

which is nonzero since N is odd. 

Finally, in case (iii) we use the fact that F* is an endomorphism of the algebra Hom(A, A) ~ 
Afe(Hom'(A, A)), so we get 

str(F*,Hom(A, A)) = det(id-F*) ^ 0. 

□ 

Note that the property (iii) in the above Corollary is modeled on the properties of the pair {f*,Ox) 
for a transversal fixed point x of an endomorphism /. 

3.2. Lefschetz reciprocity. As before, we assume that C is a dg-category such that Per(ig{C) is satu- 
rated, and F is a dg-endofunctor of PeTdg{C). Now let ^ be another dg-endofunctor of Perdg(C) together 
with a morphism 

/ : Fo* *oF 

Then we have the induced endomorphism (F, /)* of Tr(\I'). Let G be right adjoint to F. Then we have 
the induced map 

tp-.^oG^GoFo'^oG Go*oFoG-^Go*, 

and hence the induced endomorphism {^,tp)* of Tr(G). We have the following Lefschetz reciprocity 
formula. 
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Theorem 3.3. In the above situation 

str((F,/)„TV(*)) =str((*,V)*,Tr(G)). (3.2) 

Proof. The idea is to apply formula (0.2) to the category ®C, equipped with the endofunctor G'UF, 
taking as B the kernel representing ^ and 

the inverse dualizing complex (see section 2.4). 
Note that we have 

Ticop^c{G'uF) ~ Trcop(G') ® Trc(F) ~ Tr(G) ® TV(F). 

Also, the right quasi-adjoint to G'UF is F'uG (by Lemma 1.1). 
We will apply (0.2) to certain natural morphisms 

a : A^op {G'UF){Alop) and 
^ : (G'nJ^)(B) B 

that we are going to define presently. Namely, using the isomorphism of Lemma 1.2(i), a corresponds to 
a morphism 

a' : Acop {G'DFy{Acop) = {GDF'){Aeop), 

and we take 

a' := ^G',F' 

(see (1.13)). On the other hand, 13 corresponds to the morphism of functors 

Fo'^oG ^oFoG^"^. 

If follows that the map 

/3 : B {F'aG){B), 

obtained from /3 by adjunction of the functors (G'DF, F'OG), corresponds to the morphism of functors 

* -)■ * o G o F Go^oF. 

It follows from Proposition (2.7) that the; (nidomorphism {G'DF, a, /3)* of Hom(A, B) = IIom(A^„p, B) = 
Tr(\E') can be identified with the endomorphism (F, /)* of Tr(\E'). 
Thus, the formula (0.2) combined with Lemma 2.3 gives 

str((F,/).,Tr(vl/)) = {r^^^'ilc ,F'),r^>uG0)) = {ro' ,f' ,r^>uGm ■ 

We claim that 

r^'aG0) = (id»(vI/,V)*)(TF,G), (3.3) 

where 

■tp : ^ o G ^ G o"^ 

is induced by /. Indeed, this follows from Lemma 2.4 since B = (Idn^')(Ac). 
Applying Lemma 3.4 below we get 

(tg'.f'. (id(8'(*.V.')*)(rF,G)) = str((*, V)*, Tr(G)) 

It remains to observe that starting with tlio data {F, 4', /) wc can recover the data ($, F, 4>). Hence, we 
can consider (F, \I/,/) as the primary data. Now (3.2) is obtained from the above equality by a change 
of notation. □ 
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Lemma 3.4. Let V and W he finite- dimensional supervector spaces equipped with a perfect (even) pairing 

{■,-)v,w ■.V'S)W ^k. 

Let T gV ®W be the corresponding Casimir element, and let t' = a{T) gW<SiV. Consider the induced 
pairing 

{■, ■)v^w,W0V ■■iV(^W)®{W(^V)^k 

given by 

{v ^w,w' (g) v')v(^w,w^v = ±(w, w')v.w ■ w)v,w 
with the sign given by the Koszul rule. Then for any even automorphism AofV one has 

(r, {iA®A){t'))v(^w,w®v = str(A). 

In particular, 

{r,T')v^w,w®v = sdim(y). 

Proof Let {vi) be a homogeneous basis in V and let {wi) be the dual basis of W, so that {vi,Wj) = Sij. 
Then 

T = ^(-l)'^°«(''')i;i(g)u;i and r' = ^ . 

i i 

It is enough to prove the formula for A such that A{vi) = Vj and A{vi) = for Z ^ i. Then we have 
(r, {id®A){T'))v^w,w<s>v = {{-i)'^''^'''"^Vi(S)Wi,Wi®Vj)v®w,W0V = Siji-l)'^"^'^'''^ = str(A). 

□ 

Remark. In the particular case {'i,tp) = (Idc,id) the formula (3.2) gives (0.3). Note however, that the 
argument of [17] for the proof of (0.3) is more direct. 

Corollciry 3.5. Keep the assumptions of Theorem, 3.3. Set = o F and let 

f: Fo^ = FomoF-^'^oFoF = ^!oF 

be the map f o F. Then 

str((K/),,Tr(vl/)) = str((F, /), Tr(*)). (3.4) 
A similar results holds for _F o vJ/ instead of "i! o F. 
Proof. By Theorem 3.3, the equality (3.4) is equivalent to 

str((*, V')*, Tr(G)) = str((*, V^)., Tr(G)), 

where 

■tjj : ^ o G ^ G 

is defined similarly to ijj, starting from /. We claim that in fact 

(*,V)* = (*,V^)*. (3.5) 

Let us first calculate the morphism tp. We have a commutative diagram 

Go foFoG 

^loi^oG— ^GoFo^oFoG ^ Go*oFoFoG 



* GoFo* 1 Go^oF 
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Here and in the diagrams below unnamed arrows are induced by adjunction morphisms. By definition, 
ip is given by the composition of the arrows in the top row followed by the right vertical arrow. Hence, 
it can also be computed as the composition of the arrows in the bottom row with the left vertical arrow. 
Now the commutative diagram 

Go/ 



GoFo^ 



Go f oGoF 

*oGoF— -Goi^o^'oGoi^ Go^'oFoGoi^— kGo*oF 

together with the definition of ip, shows that ip is cqiial to the composition 

* o o G >- ^ oGo F G o * o 

where 

c:FoG^ld^GoF 

is the composition of two adjunction morphisms. Hence, by Lemma 2.1, (3.5) would follow once we prove 
that the map 

(F, c)* : Tr(G) ^ Tr(G) 
is the identity map. Recall (see Sec. 2.1) that the map (-F, c)* is given by the composition 

Tr(G) ^ Tr(G o F o G) — Tr(F o G o G) Zlif^S Tr(G o F o G) ^ Tr(G), 

Here and below arrows marked by a are induced by the isomorphism (1.10). By definition of the morphism 
c this is equal to the composition 

Tr(G) Tr(G o F o G) — Tr(F o G o G) Tr(G) Tr(G o F o G) Tr(G). (3.6) 

Note that the composition of the last two arrows is the identity map, which together with the commutative 
triangle 

Tr(G oFoG) 



a 



Tr(F o G o G) 



Tr(G) 



shows that the composition (3.6) is equal to the identity, i.e., (F, c)* = id. 



□ 



Consider again the situation when C is a dg-enhancement of D^'{M), where M is a smooth projective 
variety over k, F = f* and ^'(J^) = V ®Om ■^i where ^ is a bounded complex of vector bundles on M. 
Thus, the kernel on M x M corresponding to ^ is A*F, where A : F — >■ y x F is the diagonal embedding. 
A map Fo^— >^^oFis the same as a map a : /*F — >^ F, and there is a natural isomorphism 

Tr(*) ~ E*{M, A*A*F) ~ H*(M, fi^^ V). 

The map (F, a)* : Tr(^') — >■ Tr('J') induced by a is the composition 



/* 



H*{M, flM^V). 



On the other hand, the functor F = /* is given by the kernel (/, idM)*CM on M x M, so ^ o F is given 
by the kernel (/, idM)*^- Hence, 

Tr(*oF) ~ H*{M,A*{f,idM)*V) ~ H*{M,ni*V) ~ H*{Mf,i*V), 
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where is the derived intersection of with the diagonal in M x M, fitting into the derived cartesian 
diagram 

^- M 

i (idjw,/) 

M ^ M xM 

Corollary 3.5 leads in this situation to the following result conjectured by Prenkel-Ngo (see [11, Conj. 
6.2]). 

Theorem 3.6. Let V be a bounded complex of vector bundle on a smooth projective variety M over k, 
f : M M and endomorphism. Then for any moprhism, a : f*V ^ V in D^{M) one has 

str{a^,H*{M,n*M (g)V)) = sti{{i*a)* : H*{M^ ,i*V)), (3.7) 

where the map (i*a)* is given by 

H*{M^,i*V) ~ H*{Mf,i*f*V) H*{M^,i*V) 

Remarks. 1. In the case of transversal intersection the formula (3.7) becomes 

str(/,i?*(M,f]^®y)) = tr(/,^|p) 

/(x)=x 

which follows also from the usual holomorphic Lefschetz formula (see Example 3.1). 

2. In the formula of [11, Conj. 6.2] the right-hand side apparently has a typo: it should have i*V rather 
than i*A*(y) in order to be correct even in the transversal case. 

3. Theorem 3.6 and its proof should generalize to an appropriate class of derived algebraic stacks, as 
envisioned in [11]. 

3.3. Lefschetz formula in Hochschild cohomology. Now let (C, F) be as above and assume in 
addition that F is an autoequivalence, so that G = F~^. Let us take ^ = S~^, the inverse Serre functor 

given by the kernel A^op, and use the canonical morphism / : F oS~^ oF (see (2.19)). As we have 

seen in Corollary 2.9, the map (F, /)* gets identified with the natural endomorphism F^ of the Hochschild 
cohomology HH*{C) ~ A^„p. Thus, Theorem (3.3) gives a formula for the supertrace str {F^,HH*{C)). 
We will rewrite this formula in a slightly different way. 

Note that since F' is an autoequivalence, we have two non-degenerate pairings Tr(F') ig) Tr(G) ~ 
Tr(F) (g) Tr(G') k: {■, ■)f,g and (•, ■)f',g' (see Section 2.3). Let Ap : Tr(G) Tr(G) be the automor- 
phism such that 

{x,y)F.G = {AF{x),y)F',G')- 

Theorem 3.7. For a tensor autoequivalence F o/Per(C) one has 

str{F,,HH*{C)) = str((5-i,s)*,TVc(G)), 

where 

s : S-^ o G G o S-'^ 
is induced by the isomorphism (2.19). Also, we have 

{S-\s),^Af. 
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Proof. By Theorem (3.3), we only have to check that {S ^, s)* = Ap- We are going to deduce this from 
(3.3). Note that in our case B = A^op, ^ = S~^, and as the proof of Theorem 3.3 shows, /3 is the map 

5-1 -^S-^oGoF — GoS-^ o F, 

or on the level of kernels, 

A^„p ^ (F'nG)(A^„p). 

It is easy to see that this map corresponds under the isomorphism of Lemma 1.2(i) to 7f',g'- Hence, by 
Lemma 2.3 we obtain 

Tf'OG0) = ^FnG'(7F',G') = TF',G'- 

Thus, (3.3) gives the relation 

TF',G' = {}d®{S-\s)^){TF,G) 

which is equivalent to what we needed to check. □ 

In the case F = Id, the above theorem gives the following formula. 
Corollary 3.8. One has the equality 

sdimHH*{C)=str{{S-^)^,HH4C)) 

in k. 

Example. In the situation when C is the dg-version of the derived category of coherent sheaves on a 
smooth complex projective variety X the formula of Corollary 3.8 becomes 

sdimHH*{X) = (-1)" sdimi?i?,(X), 

where n = dimX. Indeed, due to the form of the Serre functor in this case, the operator (— 1)"5~^ on 
HHt,{X) is upper triangular, so its supcrtrace is equal to s6.\m.HH^{X). Note that the above equality 
follows also from the well-known identity 

&d.imHH*{X) = Cni^x) = (-l)"c„(rx) = (-1)" sdim J?J?*(X). 



3.4. Example: matrix factorizations. Let us consider the case when C = MF{w) is the category 
of matrix factorizations of an isolated singularity w G m C R = k[[xi. . . . ,.x„]]. whore k is a field 
of cliaractcristic zero (m is tlic maximal ideal in R). Recall that a matrix factorization E — {E,5e) 
of ti; is a Z/2-gradcd finitely generated free i?- module E equipped with an odd endomorphism 5 such 
that 5"^ = w ■ id. The complexes of morphisms 'Hom,{Ei, E2) arc defined by taking the spaces of Z/2- 
homogeneous i?- morphisms Hom^(i?i, i?2) with the natural differential induced by Se^ and Se2- Note 
that MF(t(;) is a Z/2-dg-category, however, the formalism developed above works in a Z/2-graded case 
as well (cf. [10, Sec. 5.1]). We will freely use the notation and the conventions of [22, Sec. 2]. Recall that 
the Hochschild homology of w is naturally isomorphic to the Z/2-graded space 

HH^{MFiw)) ~ H{w) := ^'^^/^/dw A f^^T^ ["] - {R/{diW, ... , dnw)) ® dxi A . . . A (ix„[n], 

(3.8) 

where we set di = d/dxi (see [10, Thm. 6.6], [22, (2.28)]). 
Let 

t . {X\ , . . . , Xyi) I )■ {t\X\ , . . . , t^X^l) 

be a diagonal symmetry of w, so that w{t\X\, . . . ,tnXn) = w{x-i,... ,a;„). We associate with t an 
autoequivalence t* of MF(t(;) induced by the similar functor t* on free k[[xi,... , a;„]]-modules (which 
acts as identity on objects and as the substitution f 1-^ f ot on morphisms). 
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Recall that the kernels giving dg-functors MF(i(;) — > MF(t(;) can be viewed as matrix factorizations of 
w = w{yi, . . . ,yn) — w{xi, . . . ,a;„) (see [10, Sec. 6.1], [22, Sec. 4.2]). The diagonal kernel is represented 
by the stabilized diagonal matrix factorization, which is the Koszul matrix factorization 

A*** = = {Ai-u;, . . . ,A„w;yi-xi,... ,yn - x^} = {R' ® /\' {V),6''*) eMF{w) 
associated with the decomposition 

n 

w = ^ Aiw{x, y) ■ {yi - Xi), 

where i?^ = = k[[xi,... ,a;„,yi,... ,y„]] and V = 0"=i A: • Ci (see [22, (2. 24), (2. 25)]). The en- 

domorphism of the exterior algebra has two components: one is given by the exterior product with 

AiW ■ a, and another by the contraction with YKVi ^ ^i) ' '^-i- 

To write explicitly the kernel corresponding to t* we use the relation 

F = (IdnF)(Ac) 

for F = t*. The functor (IdQt*) can be identified with (id xi)*, so the kernel giving t* is the Koszul 
matrix factorization (id xt)*A**. Since the functor Tr : MF{w) — >■ Per(fc) is given by the restriction to 
the diagonal y = x, we get an isomorphism 

TV(r) ~ ((id xt)*A«*) |A^A«*|r„ 

where Tt is the graph of t (given by the equations yi = Uxi). Let us renumber the coordinates in such a 
way that 

U ^ 1 for i < k and tk+i ~ . . . — tn = I- 
Then the proof of [22, Lem. 2.5.3] gives an isomorphism 

H* Tr{t*) ~ H*{ApJ ~ H{wt), (3.9) 

where H{wt) is the space (3.8) for the potential wt, the restriction of w to the subspace xi = . . . = a;^ = 
of fixed points of w. Note that Wt still has isolated singularity (sec [22, Lem. 2.5.3](i)). More explicitly, 
the isomorphism (3.9) is induced by the projection from the term R*^ ® A"~'^(^) *o R/{xi, . . . ,Xk) (8 
Cfc+i A . . . A e„ (which factors through the restriction to A fl Ft). 

Now let E = {E, 6e) be a matrix factorization ofw. The computation of the generalized boundary-bulk 
map 

t| : Rom{E,t*E) Tr(r) ~ H{wi) (3.10) 

is very similar to the computation of the equivariant Chern character in [22, Sec. 3]. By definition, we 
have to take the restriction to the diagonal of the morphism cf, = (id xt)*c^, where 

= cf^:E*ME ^ A"* 

is the canonical morphism (2.4). The latter morphism was explicitly described in [22, Sec. 3.1, 3.2]. It is 
convenient to use the identification of the complex of morphisms in MF{w) from E* ME to A** with the 
tensor product 

L := A"* (EME*) 

(see [22, (3.1)]). Then the morphism corresponds to a certain even closed element D G L. Let us 
choose a trivialization E c^U ® R oi the i?-module E, where U is & graded vector space. This leads to 
the identification 

n 

L ^ /\^ (y) (8> End(?7) ® R^ 
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and writing 

D = ^ Dj, with Dj = ^ A . . . A e^^. Z)j(ii, . . . , ij) 

i ii<...<ij 

with the components Dj{i\, ... , ij) S End(i7) (g) i?^ and Do = 1 (81 idj/, we obtain a system of equations 
on these components with the unique solution such that Dj{ii,. . . does not depend on with r < ii 
(see [22, Lem. 3.2.1]). The morphism (id xt)*c^ corresponds to the element 

(id xt)*D e (id xt)*L ~ /\{V) O End(Z7) i^^ 

where the latter identification uses the action of id on i?^. 

As the description of the isomorphism (3.9) shows, the map = Tr((id xt)*c^) is determined by 

(id xt)*Dn-k{k + 1, . . . , n)|Anrt = dn6E{x) 0...0 dk+iSE{x)\xi=...=xk=o, 

where wc view Se as an clement of End(t/) ® R (sec the proof of [22, Thm. 3.3.3]). Thus, if use the 
identification 'Hom{E,t* E) ~ (End([/) ® R,d), where d is the differential induced by 5e, then we arrive 
to the formula for r^f similar to those of [22, Thm. 3.2.3, Thm. 3.3.3]. 

Proposition 3.9. In the above situation one has 

T^{a) = str {[dnSE o . . . o dk+iSs o a]\xi=...=xk=o) ■ dxu+i A . . . A rfa;„ mod {dk+iWt, . . . ,dnWt). 

Next, we want to compute the canonical pairing (2.6) between Tr(i^) and Tr(G) for the autoequivalence 
F = t* of MF{w). Note that in this case G = (t~^)*, so both Tr{F) and Tr(G) are naturally isomorphic 
to the Z/2-graded space H(wt) = H{Wf-i). Again the calculation is very similar to that of the canonical 
pairing on the equivariant Hochschild homology in [22, Sec. 4.2]. Namely, it is enough to compute the 
corresponding Casimir tensor te,g & Tv{F') (g) Tr(G), which is obtained by applying the generalized 
boundary-bulk map associated with F'OG to the canonical morphism A (F'DG){A) (see Lemma 
2.6(ii)). In our case F' is the autoequivalence {t~^)* of MF(— to), so F'DG is the autoequivalence 
{t~^xt~^)* of MF(u;). Thus, to calculate tf,g we can apply Proposition 3.9 to the canonical isomorphism 

a : A"* ^ (i-^ x t'^yA'* (3.11) 

in the homotopy category of MF{w). Note that 

{t-^ X i-i)*A^* ~ {(i-i X t-^yA^w, (i-i X t-^yAnW; t^\y^ - xi), . . . , t-\yn - x„)} 

and the morphism a is characterized uniquely (up to homotopy) by the condition that the induced map 
on coker((5io : ~^ t\) identity, where (5io is the component of the differential 5 of the Koszul 
matrix factorization (see [22, Prop. 2.3.1] or [10]). We will use the following fact about Koszul matrix 
factorizations (that follows from the proof of [22, Lem. 2.5.5]). 

Lemma 3.10. Let 6, = (61, . . . , br) be a regular sequence in a local ring A, and let 

aibi + . . . + Orbr — a'lbi + . . . + a'^br = w ^ A 
for some sequences a, and a', in A. Then there exists an isomorphism of matrix factorizations 

{a,,b,} — ^ {a'„b,} 

of the form exp(/i)A? for some h € /\^{A'^). 

Let us denote by at the automorphism of the exterior algebra A*(^) induced by the map t :V ^ V 
sending to ti ■ Ci. Then at gives an isomorphism of Koszul matrix factorizations 

at ■■ {^rVl,- • • ,tn^fn; (yi -Xi),.. . ,(y„ - Xn)} {/l, • • • ,fn;t^^{yi -Xi),.. . ,t~'^{yn- Xn)}, 
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where we denoted fi{x,y) = {t ^ x t ^)*AiW. Now applying the above lemma we get an isomorphism 
(3.11) of the form a = at o exp(/i). Note that a preserves the filtration 

r n 
i=l j=r+l 

on (since Fp are ideals with respect to the exterior multiplication). Thus, the same argument 

as in [22, Sec. 4.2] shows the equality 

TF^G = chiA^^J ■ det[id-t, V/V] = ch(A:^J • (1 - ii) . . . (1 - tk), 

where is the stabilized diagonal for the potential Wt{xk+i, . . . ,a;„). Hence, using [22, Prop. 4.1.1, 
4.1.2] we arrive to the following result. 

Proposition 3.11. Under the isomorphisms Tr(t*) ~ Tr{{t~^)*) ~ H{wt) the canonical pairing {■, (j-i). 
(see (2.6)) gets identified with 

det[id - t, V/V*]-' ■ {; = (1 - ti)-i ... (1 - tk)-' ■ {; 

where {■, ■)wt is the canonical pairing on H{wt) = HH^,{MF{wt)), given by [22, (4.6)]. 

In the case when is an isolated fixed point of t, by Propositions 3.9 and 3.11, the holomorphic 
Lefschetz formula (0.2) takes the form stated in Theorem 0.1. 

Remark. Comparing the formula of Proposition 3.9 with that of [22, Thm. 3.3.3] we see that in the 
situation when G is a finite group of symmetries of w, and E is a, G-equivariant matrix factorization of 
w, the components of the boundary-bulk map for the dg-category MF g{w) of G-equivariant matrix 
factorizations of w are given by 

where we use the action of g G G on E. Similarly, comparing Proposition 3.11 with the formula for the 
canonical pairing on the Hochschild homology of MFciw), we see that the latter pairing has components 

i'^r^(-' •)!?*, (s-i)*- 

It seems very plausible that the same relations hold whenever a finite group G acts on a smooth and 
compact dg-category and we pass to the corresponding G-equivariant category. 

In conclusion let us point out several simple consequences of the Lefschetz formula (0.2) in the situation 
considered above. 

Corollary 3.12. Let w{xi, . . . ,a;„) be an isolated singularity, t G (fc*)" a diagonal symmetry of w, A 
and B matrix factorizations of w equipped with closed morphisms a : A t*A and j5 : t*B B. Assume 
that the fixed locus oft has odd dimension (i.e., the number of coordinates oft that are equal to 1 is odd). 
Then the endomorphism (t*,a,/3)* oflIom{A,B) defined by (0.1) has zero supertrace. 

Proof. The map takes values in the Z/2-graded space Tr(t*) ~ H{wt) which lives in odd degree due 
to our assumption on the fixed locus of t. Hence, T^^{ct) = and the right-hand side of the formula (0.2) 
vanishes in our situation. □ 

Note that Corollary 3.12 generalizes the result conjectured by Dao [8] and proved in [22] and [4] (see 
also [20]) that Hom(j4, B) has zero Euler characteristic in the case when n is odd. 

Recall that a polynomial w{xi,. . . , .t„) is called quasihomogeneous with respect to a primitive degree 
vector (di, . . . , dn) G (where all di > 0) if 

w{X'^^Xi, ... , X'^"Xn) = X'^w{Xi, ... ,Xn) 
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for some d > 0. In this case we can consider graded matrix factorizations A of w {Gi„i -equivariant in 
terminology of [23]), i.e., A = {Ao,Ai,S), where Aq and Ai are free finite rank Z-graded k[xi, . . . ,Xn]- 
modules (where deg(xi) — di), the differential 60 : Ai ^ Aq should be homogeneous of degree 0, and the 
differential 61 : Aq ^ Ai should be of degree d. 

Corollary 3.13. Assume char(/c) = 0. 

(i) Assume that an isolated singularity w{xi, . . . is even, i.e., w{—x) = w{x). Then for any matrix 
factorization A of w equipped with an isomorphism {—1)*A ~ A, the superdimension sdim(^|o)^ of the 
space of {—!)* -invariants in A\o is divisible by 2\'i'\~^ . 

(ii) Let w{xi, .... be a quasihomogeneous isolated singularity. For any graded matrix factorization 
A of w consider the Laurent polynomial 

/^AloW = I^sdim(A|o)if, 

where (^|o)i is the graded component of A\(j of degree i. Then h^^^{t) is divisible by (1 — in'L\t,t 
Proof, (i) By Theorem 0.1, we have 

str((-l)*,Hom(A,A)) = M{-^y,A\o)\ ^g^^^) 

We have 

str((-l)*,A|o) = sdim(A|o)+ -sdim(A|o)-, 

and also 

sdim(^lo)"'" + sdim(A|o)~ = sdim(^|o) = 0, 
since w induces a generic isomorphism between the even and odd components of A. Hence, 

str((-l)*,A|o) = 2sdim(A|o)+, 
and the required divisibility follows from (3.12). 

(ii) For any t € k* let us define the cndofunctor t* of the category MF(t(;) (here we consider all matrix fac- 
torizations, not necessarily graded) as the composition of the natural functor t* : MF{w) — ?• MF(/:'^it)) with 
the equivalence MF{t'^w) ~ MF(i(;) which sends a matrix factorization A = {A,So,Si) to {A,So,t~'^Si). 
If A is a graded matrix factorization then we have a natural isomorphism /?( : t*A ^ A which acts by V 
on the ith graded component. Thus, str(/3t, A|o) = hx\g{t). By Theorem 0.1 (applied to B = ^, a = 
and ^ = ^t), for generic t £ k* we have 

n 

str{t,Jiom{A,A)) = /iA|or')^A|o W ' U^^'f'T', 

i=l 

where (rfi, . . . , d„) is the degree vector making w quasihomogeneous. Hence, this equality also holds for 
the formal variable t. Since the left-hand side is a Laurent polynomial with integer coefficients, we obtain 
that h^{t~^)h^{t) is divisible by (1 — i)" in Z[t, t~^]. Since (l—t) = —t{l—t~^), the unique factorization 
in Z[t,t~^] implies that the maximal powers of (1 — t) dividing h^{t) and h^{t~^) are the same. The 
required divisibility immediately follows. □ 

Remark. Assume that the quasihomogeneous polynomial w can be written in the form w = aibi + 
. . . + ttrbr, where and bi are quasihomogeneous polynomials (of positive degrees) with respect to the 
same degree vector (rfi, . . . , d„). Then one has a Koszul matrix factorization A = {ai, . . . ,ar;bi,. . . , br} 
which is a graded matrix factorization of w (see [24, Def. 1.1.8]). The Laurent polynomial considered in 
Corollary 3.13 in this case has form 

hAUt) = {l-t"^^)...{l-t"^^), 
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where rrii = dcg(&i). Note that the condition that w has an isolated singularity easily implies that 
r > n/2. Thus, the divisibility of Corollary 3.13(ii) is sharp if we can find a presentation of w in the 
above form with r = \^~\. For example, this is always the case for so called invertible quasihomogeneous 
polynomials (see [16, Sec. 1.3]). 
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